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Germany
Abstract
In this work out the multiplicative decomposition of the deformation gradient into a thermal and a mechanical
part is investigated on the basis of a model of thermo-elasticity. The proposed multiplicative decomposition is
studied to be in both order, i.e. in the form F = FΘFM and F = FMFΘ. It is shown that for the case of isotropy
and the assumption of a pure volumetric temperature evolution both formulations yield the same stress state.
However, in the intermediate configurations different results occur. Furthermore, some basic investigations of
uniaxial tensile/compression tests with constant temperature or problems for classical strain-energies are treated.
1
1 Introduction
The incorporation of thermal effects into mechanically subjected deformation processes can be modeled by the
multiplicative decomposition of the deformation gradient F( ~X, t) = Grad ~χR( ~X, t), into a mechanical part FM
and a thermal part FΘ, respectively,
F = FMFΘ, (1)
where ~x = ~χR( ~X, t) defines the motion of particle ~X occupying the place ~x at time t. This proposal goes back to
[Lu and Pister, 1975]. Another decomposition makes use of the reverse order
F = FΘFM, (2)
see, for example, [Yu et al., 1997] and [Miehe, 1988]. However, for both decompositions there is no systematic
comparison available to show the resulting strain and stress measures in view of the concept of dual variables, see
[Haupt and Tsakmakis, 1989, Haupt and Tsakmakis, 1996].
The multiplicative decomposition of the deformation gradient into two parts comes from the field of plasticity,
where the deformation gradient decomposes into an elastic and a plastic part, F = FeFp, see [Lee and Liu, 1967,
Lee, 1969]. For a double product, i.e. the multiplicative decomposition is carried out several times in order to
assign various physical causes to kinematical quantities, see [Lion, 2000a, Tsakmakis and Willuweit, 2004] and
its numerical treatment in [Hartmann et al., 2008] and the literature cited therein. The decomposition is also ex-
tended to constitutive models of viscoelasticity, see [Lubliner, 1985, Lion, 1997], see [Hartmann, 2002] for further
literature. A further possibility makes use of the deformation gradient’s decomposition into volume-preserving
and volume-changing parts going back to [Flory, 1961]. If a strain-energy function is built up of two terms, one
containing the volume-changing and the other the volume-preserving part, the stress state results in a pure hydro-
static stress-state caused only by the volume change and a deviatoric part only influenced by the strain-energy of
the volume-preserving deformation, see, for example, [Miehe, 1994, Hartmann and Neff, 2003] and the literature
cited therein.
In this short study a model of finite strain thermo-elasticity is developed making use of the property that most
elastomers show nearly incompressible behavior so that the basic elasticity relation should take this into account.
Following the ideas in [Hartmann and Neff, 2003], the Flory-type decomposition into an isochoric and a volumetric
part for thermo-hyperelasticity is applied as well, which has the advantage of a systematic assignment of volumetric
effects to the spherical part of the Cauchy-stress tensor and the volume-preserving deformation to the deviatoric
stress state.
The investigations are structured as follows. First of all, the decompositions F = FΘFM and F = FMFΘ
are studied in view of the quantities in the concerning intermediate configurations. Afterwards, some brief in-
vestigations on uniaxial tensile tests are addressed for a model applicable in rubber elasticity. The underlying
investigations are, in subsequent investigations on anisotropic and inelastic constitutive models, a basic investiga-
tion.
2 Strain and stress measures of decomposition F = FΘFM
According to the sketch in Fig. 1 the multiplicative decomposition (2) is applied,
F = FΘFM = FΘFˆMFM, (3)
where the mechanical part
FM = FˆMFM (4)
is decomposed into a volume-preserving part FM and a volume-changing part FˆM,
FˆM = (detFM)
1/3
I, (5)
FM = (detFM)
−1/3
FM. (6)
Frequently, the thermal part is assumed to be purely volumetric Al
FΘ = ϕ
1/3
I, ϕ = ϕˆ(Θ−Θ0), (7)
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Figure 1: Sketch of multiplicative decomposition F = FΘFM
where ϕˆ(0) = 1 should hold. Θ is the absolute temperature and Θ0 defines the reference temperature. The
determinant of the thermal deformation is
detFΘ = ϕˆ(Θ−Θ0) (8)
describing the volumetric deformation caused by the temperature change Θ−Θ0, which is chosen to be linear
ϕˆ(Θ−Θ0) := 1 + α(Θ−Θ0). (9)
Of course, other proposals are possible. In [Lion, 2000b] and [Heimes, 2005] an exponential ansatz in applied as
well, ϕˆ(Θ−Θ0) := eα(Θ−Θ0), where Eq.(9) represents the first order approximation.
det FˆM = detFM, detFM = 1 (10)
defines the volumetric Al mechanical deformation. In view of the total deformation
detF = det(FΘFM) = (detFΘ)(detFM) = ϕˆ(Θ−Θ0)(detFM) (11)
holds. Accordingly, we have
F = FˆF with
{
Fˆ = (ϕ detFM)
1/3
I
F = FM.
(12)
If the densities are considered,
ρR = (detF)ρ = (detFM)ρM (13)
defines the density in the reference configuration, ρ symbolizes the density in the current configuration, and
ρM = (detFΘ)ρ = ϕρ (14)
denotes the density in the mechanical intermediate configuration.
Sometimes it is useful to introduce the abbreviation for the determinants
J := detF = JΘJM, (15)
JΘ := detFΘ = ϕ, (16)
JM := detFM = J/ϕ, (17)
which are used later for short notational purposes.
Using the imagination of a fictitious thermal unloading, similar to the case of the multiplicative decomposition
of the deformation gradient into an elastic and a plastic state, see [Haupt, 1985], defines the mechanical Green
strain tensor
EM := lim
Θ−Θ0→0
E =
1
2
(FTMFM − I) (18)
3 Technical Report
where
E =
1
2
(FT F− I) (19)
is the Green strain tensor itself. This motivates the thermal part of Greenian-type
EΘ = E−EM = 1
2
(FT F− FTMFM) =
1
2
(C−CM), (20)
or vice versa the additive decomposition
E = EM + EΘ. (21)
The push-forward operation F−TM EF
−1
M yields the decomposition
Γˆ = ΓˆM + ΓˆΘ (22)
with
Γˆ = F−TM EF
−1
M =
1
2
(FTΘFΘ − F−1M F−TM ) =
1
2
(ϕ2/3I−B−1M ) =
ϕ2/3
3
(I−B−1) (23)
ΓˆM = F
−T
M EMF
−1
M =
1
2
(I− F−1M F−TM ) =
1
2
(I−B−1M ), (24)
ΓˆΘ = F
−T
M EΘF
−1
M =
1
2
(FTΘFΘ − I) =
1
2
(CΘ − I) = 1
2
(ϕ2/3 − 1)I, (25)
where Γˆ, ΓˆM and ΓˆΘ measure the strains relative to the mechanical intermediate configuration. Here, the right and
left Cauchy-Green tensors
C = FT F, CΘ = F
T
ΘFΘ, CM = F
T
MFM, (26)
B = FFT , BΘ = FΘF
T
Θ, BM = FMF
T
M (27)
are introduced. The definition of the strain measures (24) and (25) have the advantage that they are purely me-
chanical and purely thermal, respectively.
Additionally, strain-rate tensors on the mechanical intermediate configuration can be defined on the basis of the
material time derivative of (18), (19) and (20) by the corresponding push-forward operation F−TM (. . .)F−1M . This
yields the strain-rate measures relative to BΘ
△
Γˆ = F−TM E˙F
−1
M =
˙ˆ
Γ + LTMΓˆ + ΓˆLM, (28)
△
ΓˆM = F
−T
M E˙MF
−1
M =
˙ˆ
ΓM + L
T
MΓˆM + ΓˆMLM =
1
2
(LM + L
T
M) =: DM, (29)
△
ΓˆΘ = F
−T
M E˙ΘF
−1
M =
˙ˆ
ΓΘ + L
T
MΓˆΘ + ΓˆΘLM. (30)
Obviously, the additive decomposition
△
Γˆ =
△
ΓˆM +
△
ΓˆΘ (31)
is inherently defined. The strain-rate
△
ΓˆM is purely mechanical, whereas the thermal strain-rate relative to the
intermediate state can be calculated by
△
ΓˆΘ =
1
3
ϕˆ′(Θ−Θ0)Θ˙(t)ϕ−1/3I︸ ︷︷ ︸
˙ˆ
ΓΘ
+(ϕ2/3 − 1)
△
ΓˆM, (32)
see Eqns.(30), (25), and (29).
Next, these strain measures are used within the specific stress power to develop appropriate stress measures,
p =
1
ρR
T˜ · E˙ = 1
ρR
T˜ · (FTM
△
ΓˆFM) =
1
ρR
(
FMT˜F
T
M
)
·
△
Γˆ =
1
ρR
SˆM ·
△
Γˆ (33)
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exploiting Eq.(28) and introducing a Kirchhoff-type stress tensor relative to the mechanical intermediate configu-
ration
SˆM = FMT˜F
T
M. (34)
T˜ = (detF)F−1TF−T defines the second Piola-Kirchhoff stress tensor and T the Cauchy-stresses.
Inserting the strain-rates (31) and (32) into the specific stress power (33) leads to
p =
1
ρR
SˆM ·
△
Γˆ =
1
ρR
SˆM · (
△
ΓˆM +
△
ΓˆΘ) =
1
ρR
ϕ2/3SˆM ·
△
ΓˆM +
ϕˆ′(Θ−Θ0)ϕ−1/3Θ˙(t)
3ρR
(tr SˆM). (35)
In view of thermo-mechanical processes the Clausius-Duhem inequality has to be fulfilled requiring the stress
power
−ψ˙ − Θ˙s + 1
ρR
T˜ · E˙− ~q
ρΘ
· grad Θ = −ψ˙ − Θ˙s + 1
ρR
SM ·
△
Γˆ− ~q
ρΘ
· grad Θ ≥ 0, (36)
where ψ defines the specific free energy, s the entropy, and ~q the heat flux vector. In the following, the proposal of
[Lion, 2000b] and [Heimes, 2005] is taken up where the free-energy depends on the mechanical deformation EM
and the temperature Θ,
ψ(EM,Θ) = ψM(CM,Θ) + ψΘ(Θ). (37)
Of course, the first natural assumption would be ψ(CM,Θ) = ψM(CM) + ψΘ(Θ), i.e. there are clear assignments
of mechanical and thermal induced stresses. However, in rubber elasticity it turns out experimentally that the stress
state depends linearly on the temperature. Thus, ψM(CM,Θ) is assumed to be a function of the temperature as
well. The dependence of the mechanical part is assumed to be linear in the temperature
ψM(CM,Θ) =
Θ
Θ0
ψM(CM) (38)
with
ψM(CM) = U(JM) + υ(CM) = U(JM) + w(ICM , IICM), (39)
υ(CM) = w(ICM , IICM). Here, the mechanical deformation is decomposed into volume-changing and preserving
parts, defined by
JM = detFM = (detCM)
1/2 (40)
of Eq.(17) using the unimodular, mechanical right Cauchy-Green tensor
CM = (detCM)
−1/3
CM, detCM = 1. (41)
The thermal part of the strain-energy (37) is defined by
ψΘ(Θ) =
cp
ρR
((
(Θ−Θ0)−Θ ln Θ
Θ0
)
(1− kpΘ0)− 1
2
kp(Θ
2 −Θ20)
)
, (42)
see [Heimes, 2005].
The evaluation of the material time-derivative of the free energy ψ, see Eq.(37),
ψ˙(EM,Θ) =
(
1
Θ0
ψM(CM)
)
Θ˙ +
Θ
Θ0
dψM(CM)
dCM
· C˙M + ψ′Θ(Θ)Θ˙, (43)
is required in the Clausius-Duhem inequality (36) yielding, by means of definition (34) and the time derivative of
(18) expressed by the mechanical right Cauchy-Green tensor (26)3, C˙M = 2FTM
△
ΓˆMFM,
(
1
ρR
ϕ2/3SˆM − 2 Θ
Θ0
FM
dψM(CM)
dCM
F
T
M
)
·
△
ΓˆM
+
(
−s−
(
1
Θ0
ψM(CM) + ψ
′
Θ(Θ)
)
+
1
3ρR
ϕ−1/3ϕˆ′(Θ−Θ0)(tr SˆM)
)
Θ˙
− ~q
ρΘ
· grad Θ ≥ 0 (44)
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Exploiting arbitrary mechanical strain and temperature paths commonly implies the three following expressions:
SˆM =
2ρR
ϕ2/3
Θ
Θ0
FM
dψM(CM)
dCM
F
T
M, (45)
s = − 1
Θ0
ψM(CM)− ψ′Θ(Θ) +
1
3ρR
ϕ−1/3ϕˆ′(Θ−Θ0)(tr SˆM), (46)
~q = −κ grad Θ, κ ≥ 0 (47)
In the following, the stress tensor and the entropy are expressed by quantities relative to the current configura-
tion. The particular strain-energy function (39) yields for the derivatives in the elasticity relation (45) the terms
dU((detCM)
1/2)
dCM
=
1
2
JMU
′(JM)C
−1
M (48)
and
dυ(CM(CM))
dCM
=
[
dCM
dCM
]T
dυ
dCM
(49)
with [
dCM
dCM
]T
= (detCM)
−1/3
[
I − 1
3
(C−1M ⊗CM)
]
= J
−2/3
M
[
I − 1
3
(C
−1
M ⊗CM)
]
. (50)
I defines the identity tensor of fourth order,
I = [I⊗ I]T23 = δikδjl~ei ⊗ ~ej ⊗ ~ek ⊗ ~el, (51)
here defined in Cartesian coordinates, IA = A. Obviously, C−1M ⊗ CM = C
−1
M ⊗ CM holds. Caused by the
particular dependence on the invariants of the mechanical unimodular right Cauchy-Green tensors, the application
of the chain-rule leads to
dυ
dCM
=
∂w
∂I
CM
dI
CM
dCM
+
∂w
∂II
CM
dII
CM
dCM
= (w1 + w2ICM)I− w2CM (52)
with
w1(ICM , IICM) =
∂w
∂I
CM
and w2(ICM , IICM) =
∂w
∂II
CM
. (53)
In other words, we have
dψM(CM)
dCM
= JMU
′(JM)C
−1
M + 2J
−2/3
M
[
I − 1
3
C
−1
M ⊗CM
]
dυ
dCM
= (54)
= J
1/3
M U
′(JM)C
−1
M + 2J
−2/3
M
(
(w1 + w2ICM)I− w2CM −
1
3
(w1ICM + 2w2IICM)C
−1
M
)
. (55)
In the following, these expressions are used to express the elasticity relation relative to the current and the reference
configuration. First, the push-forward operation of the second Piola-Kirchhoff tensor yields
S = FT˜FT = F(F−1M SˆMF
−T
M )F
T =
= FΘFM(F
−1
M SˆMF
−T
M )F
−T
M F
T
Θ =
= FΘSˆMF
T
Θ = ϕ
2/3
SˆM (56)
where use is made of the decomposition (2) and Eq.(34). S = (detF)T defines the weighted Cauchy tensor, i.e.
the Kirchhoff stresses. Comparing (56) with (45) yields
S = 2ρR
Θ
Θ0
FM
dψM(CM)
dCM
F
T
M = (57)
= ρR
Θ
Θ0
JMU
′(JM)I + 2ρR
Θ
Θ0
J
−2/3
M [FM ⊗ FM]T23
[
I − 1
3
C
−1
M ⊗CM
]
dυ
dCM
=
= ρR
Θ
Θ0
JMU
′(JM)I + 2ρR
Θ
Θ0
[
I − 1
3
I⊗ I
] [
FM ⊗ FM
]T23 dυ
dCM
=
= ρR
Θ
Θ0
JMU
′(JM)I + 2ρR
Θ
Θ0
(
FM
dυ
dCM
F
T
M
)D
. (58)
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Exploiting the property
[FM ⊗ FM]T23
[
I − 1
3
C
−1
M ⊗CM
]
=
[
I − 1
3
I⊗ I
]
[FM ⊗ FM]T23 , (59)
where
D = I − 1
3
I⊗ I (60)
defines the deviator operator DA = AD = A− 13 (trA)I, yields under the assumption of isotropy the Kirchhoff
stress tensor
S = ρR
Θ
Θ0
JMU
′(JM)I + 2ρR
Θ
Θ0
(
BM
dυ
dBM
)D
. (61)
Finally, the Cauchy stress tensor reads
T =
ρR
ϕ
Θ
Θ0
U ′(J/ϕ)I +
2ρR
J
Θ
Θ0
(
dυ
dBM
BM
)D
. (62)
If one considers the mechanical unimodular left Cauchy-Green tensor
BM = J
−2/3
M BM = (J/ϕ)
−2/3ϕ−2/3B = J−2/3B = B, (63)
Eq.(62) can be expressed by
T =
ρR
ϕ
Θ
Θ0
U ′(J/ϕ)I +
2ρR
J
Θ
Θ0
(
dυ
dB
B
)D
, (64)
i.e. only the volumetric part of the strain-energy function U(JM) = U(J/ϕ) depends on the temperature by the
factor ϕˆ−1(Θ − Θ0)U ′(J/ϕˆ(Θ − Θ0)), and the overall stress state is assumed to increase linearly with Θ/Θ0.
Since ϕ ≈ 1 holds, the curves are only scarcely influenced.
Furthermore, the entropy (46) reads
s = − 1
Θ0
ψM(CM)− ψ′Θ(Θ) +
1
3ρR
ϕ−1/3ϕˆ′(Θ−Θ0)(trS) =
= − 1
Θ0
(
U
(
J
ϕ
)
+ υˆ(C)
)
− ψ′Θ(Θ) +
Θ
Θ0
ϕˆ′(Θ−Θ0)
ϕ2
JU ′
(
J
ϕ
)
(65)
using relation (56).
3 Strain and stress measures of decomposition F = FMFΘ
In this section the decomposition (1) is considered, see Fig. 2. However, we extend again the investigations to the
split into a volume-preserving and a volume-changing part
F = FMFΘ = FˆMFMFΘ, (66)
defined in Eqns.(4), (5) and (6). The Green strain tensor measuring the thermal deformation is defined by a fictive
mechanical unloading
E˜Θ := lim
‖FM‖→0
E =
1
2
(FTΘFΘ − I) (67)
leading to
E˜Θ =
1
2
(ϕ2/3 − 1)I, (68)
where the thermal part of the deformation gradient (7) is inserted. Accordingly, the mechanical part reads
E˜M = E− E˜Θ = 1
2
(FT F− FTΘFΘ) =
1
2
(C− ϕ2/3I). (69)
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Figure 2: Sketch of multiplicative decomposition (1)
In order to obtain the strain measures on the thermal intermediate configuration, the push-forward operation γˆ =
F
−T
Θ EF
−1
Θ is introduced yielding
γˆ =
1
2
(FTMFM − F−TΘ F−1Θ ) =
1
2
(CM −B−1Θ ) =
1
2
(CM − ϕ−2/3I) (70)
γˆM = F
−T
Θ E˜MF
−1
Θ =
1
2
(FTMFM − I) =
1
2
(CM − I) (71)
γˆΘ = F
−T
Θ E˜ΘF
−1
Θ =
1
2
(I− F−TΘ F−1Θ ) =
1
2
(1− ϕ−2/3)I (72)
i.e.
γˆ = γˆM + γˆΘ. (73)
Using
F˙Θ =
1
3
ϕ˙ϕ−2/3I (74)
and
LΘ = F˙ΘF
−1
Θ =
ϕ˙
3ϕ
I (75)
the strain-rate tensors relative to the reference configuration read
E˙ =
1
2
C˙ = ˙˜EΘ +
˙˜
EM (76)
˙˜
EM =
1
2
(C˙− 2
3
ϕ˙ϕ−1/3I) =
1
2
C˙− 1
3
ϕ˙ϕ−1/3I (77)
˙˜
EΘ =
1
2
(F˙
T
ΘFΘ + F
T
ΘF˙Θ) =
1
3
ϕ˙ϕ−1/3I (78)
and the push-forward operation to the thermal intermediate configuration yields
N
γˆ = F−TΘ E˙F
−1
Θ =
˙ˆγ + LTΘγˆ + γˆLΘ = ˙ˆγ +
2
3
ϕ˙
ϕ
γˆ (79)
N
γˆM = F
−T
Θ
˙˜
EMF
−1
Θ =
˙ˆγM + L
T
ΘγˆM + γˆMLΘ = ˙ˆγM +
2
3
ϕ˙
ϕ
γˆM =
1
2
C˙M +
1
3
ϕ˙
ϕ
CM − 1
3
ϕ˙
ϕ
I (80)
N
γˆΘ = F
−T
Θ
˙˜
EΘF
−1
Θ =
˙ˆγΘ + L
T
ΘγˆΘ + γˆΘLΘ = DΘ = LΘ =
ϕ˙
3ϕ
I (81)
with the Oldroyd strain-rate
N
γˆ =
N
γˆM +
N
γˆΘ. (82)
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In the following, the specific stress power has to be evaluated leading to
p =
1
ρR
T˜ · E˙ = 1
ρR
T˜ · (FTΘ
N
γˆFΘ) =
1
ρR
(FΘT˜F
T
Θ) ·
N
γˆ =
1
ρR
SˆΘ ·
N
γˆ, (83)
with the stress tensor SˆΘ relative to the thermal intermediate configuration
SˆΘ = FΘT˜F
T
Θ = ϕ
2/3
T˜. (84)
If one inserts the additive decomposition (82) into (83) and exploits Eqns.(80) and (81), the following expression
for the stress power results,
p =
1
ρR
SˆΘ · (
N
γˆM +
N
γˆΘ) =
1
ρR
SˆΘ ·
(
1
2
C˙M +
1
3
ϕ˙
ϕ
CM
)
. (85)
Inserting this expression with the material time derivative of the specific strain-energy function (43) into the
Clausius-Duhem inequality (36) yields
(
−s− 1
Θ0
ψM(CM)− ψ′Θ(Θ) +
ϕˆ′(Θ−Θ0)
3ρRϕ
(SˆΘ ·CM)
)
Θ˙
+
(
1
2ρR
SˆΘ − Θ
Θ0
dψM(CM)
dCM
)
· C˙M − ~q
ρΘ
· grad Θ ≥ 0. (86)
For independent thermal and mechanical processes a sufficient condition to satisfy the Clausius-Duhem inequality
is
SˆΘ = 2ρR
Θ
Θ0
dψM(CM)
dCM
(87)
s = − 1
Θ0
ψM(CM)− ψ′Θ(Θ) +
ϕˆ′(Θ−Θ0)
3ρRϕ
(SˆΘ ·CM) (88)
~q = −λ grad Θ. (89)
The push-forward operation of the stress tensor (87), see also Eq.(84), yields
S = FT˜FT = FMSˆΘF
T
M = 2ρR
Θ
Θ0
FM
dψM(CM)
dCM
F
T
M, (90)
i.e. exactly the same expression as developed in Eq.(57). In other words, for an isotropic and volumetric thermal
expansion according to Eq.(7), the decomposition (1) and (2) are equivalent. This holds also for the entropy (88),
because of SˆΘ ·CM = FMSˆΘFTM · I = trS.
4 Classical approach
The multiplicative decomposition of the deformation gradient into a mechanical and a thermal part can also be
seen as a motivation of the structure of the free energy. In order to show this, we proceed as follows. Similarly to
Eq.(63) it follows CM = C. For the strain-energy function (37) with the specific forms (38) and (39) one obtains
ψˆ(J,C,Θ) :=
Θ
Θ0
(
U(JM) + w(ICM , IICM)
)
+ ψΘ(Θ) = (91)
=
Θ
Θ0
U(J/ϕ) +
Θ
Θ0
w(I
C
, II
C
) + ψΘ(Θ). (92)
The second Piola-Kirchhoff stress tensor reads in the case of the classical thermo-viscoelasticity (which is not
based on the decomposition of the deformation gradient)
1
ρR
T˜ =
∂ψˆ(J,C,Θ)
∂C
, (93)
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see [Haupt, 2000, Sec. 13.2]. If one calculates this derivative, one arrives at
1
ρR
T˜ =
Θ
Θ0
JU ′(J/ϕ) + 2
Θ
Θ0
dw
dC
. (94)
In analogy to Eqns.(48)-(55) the second Piola-Kirchhoff tensor
1
ρR
T˜ =
Θ
Θ0
(
JU ′(J/ϕ)C−1 + 2J−2/3
(
(w1 + w2IC)I− w2C−
1
3
(w1IC + 2w2IIC)C
−1
))
(95)
follows, exactly leading to the same Cauchy stresses as before. The same holds for the entropy
s = −∂ψˆ(J,C,Θ)
∂Θ
= − 1
Θ0
(U(J/ϕ) + w(I
C
, II
C
)) + Jϕˆ′(Θ−Θ0)J−2 Θ
Θ0
U ′(J/ϕ)− ∂ψΘ
∂Θ
, (96)
see Eq.(65). Thus, the decompositions can be seen as motivations of the free energy form.
5 Simple investigations
In the following, two simple analytical examples are investigated. First, the uniaxial tensile test for constant tem-
peratures is looked for. Second, the uniaxial tensile/compression test is essentially influenced by the “volumetric”
strain-energy function U(JM), see [Hartmann, 2003, Hartmann and Neff, 2003, Ehlers and Eipper, 1998]. Thus,
this behavior is studied as well.
5.1 Uniaxial tensile-compression test with constant temperatures
In the first investigation the uniaxial tensile and compression test is assumed with constant temperature. In this
case the deformation gradient has the representation
F =

 λ λQ
λQ

~ei ⊗ ~ej , i, j = 1, 2, 3, (97)
where λ defines the prescribed axial stretch and λQ the unknown lateral stretch in a bar. The unimodular left
Cauchy-Green tensor of Eq.(63) reads
B = (λλ2Q)
−2/3

 λ2 λ2Q
λ2Q

~ei ⊗ ~ej , i, j = 1, 2, 3, (98)
with the determinant of the deformation gradient
J = detF = λλ2Q. (99)
The stress state is given by
T =

 σ 0
0

~ei ⊗ ~ej , i, j = 1, 2, 3, (100)
which has to be inserted into the thermo-elasticity relation (64). This leads with
dυ
dB
B = (w1 + w2IB)B− w2B
2
=
=

 (w1 + w2IB)B − w2B
2
(w1 + w2IB)BQ − w2B
2
Q
(w1 + w2IB)BQ − w2B
2
Q

~ei ⊗ ~ej ,
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to the deviator
(
dυ
dB
B
)D
=
2
3
(
(w1 + w2IB)(B −BQ)− w2(B
2 −B2Q)
)
1
−1
2
−1
2

~ei ⊗ ~ej . (101)
Here, the abbreviations
B := (λλ2Q)
−2/3λ2 and BQ := (λλ2Q)−2/3λ2Q
are introduced, see Eq.(98). In this article, the strain-energies
U(JM) =
K
50
(
J5M + J
−5
M + 2
) (102)
w(I
B
, II
B
) = αˆ(I3
B
− 27) + c10(IB − 3) + c01(II3/2B − 3
√
3) (103)
with αˆ = 0.00367 [MPa], c01 = 0.1958 [MPa] and c10 = 0.1788 [MPa], see [Hartmann and Neff, 2003], are
applied. JM is defined in Eq.(17). The first and second invariant of the unimodular left Cauchy-Green tensors have
to be calculated,
I
B
= I
C
= trB = B + 2BQ = (λλ
2
Q)
−2/3(λ2 + 2λ2Q) (104)
II
B
= II
C
=
1
2
(I
B
− trB2) = tr (B−1) = (λλ2Q)2/3(λ−2 + 2λ−2Q ). (105)
Obviously, the experimentally observed “linear” dependence of the temperature difference becomes obvious in
a stress-stretch diagram, see Fig. 3. It has to be remarked, that the function ϕˆ(Θ − Θ0) defined in Eq.(9) with
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Figure 3: Simple tension for constant temperatures (Θ0 = 273 K). Representation of linear temperature depen-
dence.
α = 2.06 × 10−4 [K−1], see [Heimes, 2005], has no essential influence in the range of applications, so that the
behavior is close to a linear behavior.
From Eq.(64), expressed by the component representation (100) and (101), the two equations
σ =
ρRΘ
ϕΘ0
U ′(J/ϕ) +
4ρRΘ
3λλ2QΘ0
(
(w1 + w2IB)(B −BQ)− w2(B
2 −B2Q)
)
(106)
0 =
ρRΘ
ϕΘ0
U ′(J/ϕ)− 2ρRΘ
3λλ2QΘ0
(
(w1 + w2IB)(B −BQ)− w2(B
2 −B2Q)
)
(107)
result. In other words, for given axial stretch λ and temperature Θ Eq.(107) has to be solved to obtain the lateral
stretch λQ. In a second step the entire true stress (106) can be evaluated.
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5.2 Problems with strain-energy functions
As mentioned in [Hartmann and Neff, 2003] the strain-energy part
U(JM) =
K
2
(JM − 1)2 (108)
yields in the case of uniaxial tensile tests to an increase of the lateral stretch in a certain amount of the lateral
stretch (a specimen would become thicker in the tensile range). Accordingly, the investigation of the sensitivity of
JM = J/ϕ is of interest. In Fig. 4(a) the behavior of ansatz (108) is shown. However, there is no essential influence
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(a) U(J) = K/2(J − 1)2
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(b) U(J) = K/50(J5 + J−5 − 2)
Figure 4: Lateral stretches for various strain-energy functions U(J/ϕ)
of the temperature-dependence introduced by ϕˆ(Θ − Θ0). All curves are very close to each other. The proposal
(102), however, does not show such a non-physical behavior, see Fig. 4(b), and the properties of the proposal in
[Hartmann and Neff, 2003] are passed to the temperature-dependent case.
Acknowledgment This paper is based on investigations of the research grant funded by the German Research
Foundation DFG under the grant numbers HA 2024/4-1, HA 2024/4-2 and HA 2024/7-1.
References
[Ehlers and Eipper, 1998] Ehlers, W. and Eipper, G. (1998). The simple tension problem at large volumetric
strains computed from finite hyperelastic material laws. Acta Mechanica, 130:17–27.
[Flory, 1961] Flory, P. J. (1961). Thermodynamic relations for high elastic materials. Transaction of the Faraday
Society, 57:829–838.
[Hartmann, 2002] Hartmann, S. (2002). Computation in finite strain viscoelasticity: finite elements based on the
interpretation as differential-algebraic equations. Computer Methods in Applied Mechanics and Engineering,
191(13-14):1439–1470.
[Hartmann, 2003] Hartmann, S. (2003). Finite-Elemente Berechnung inelastischer Kontinua. Interpretation als
Algebro-Differentialgleichungssysteme. Habilitation, University of Kassel, Institute of Mechanics. Report No.
1/2003.
[Hartmann and Neff, 2003] Hartmann, S. and Neff, P. (2003). Polyconvexity of generalized polynomial-type hy-
perelastic strain energy functions for near-incompressibility. International Journal of Solids and Structures,
40(11):2767–2791.
FACULTY 3 12
[Hartmann et al., 2008] Hartmann, S., Quint, K. J., and Arnold, M. (2008). On plastic incompressibility within
time-adaptive finite elements combined with projection techniques. Computer Methods in Applied Mechanics
and Engineering, 198:178–193.
[Haupt, 1985] Haupt, P. (1985). On the concept of an intermediate configuration and its application to represen-
tation of viscoelastic-plastic material behavior. International Journal of Plasticity, 1:303–316.
[Haupt, 2000] Haupt, P. (2000). Continuum Mechanics and Theory of Materials. Springer Verlag, Berlin.
[Haupt and Tsakmakis, 1989] Haupt, P. and Tsakmakis, C. (1989). On the application of dual variables in contin-
uum mechanics. Journal of Continuum Mechanics and Thermodynamics, 1:165–196.
[Haupt and Tsakmakis, 1996] Haupt, P. and Tsakmakis, C. (1996). Stress tensors associated with deformation
tensors via duality. Archive of Mechanics, 48:347–384.
[Heimes, 2005] Heimes, T. (2005). Finite Thermoinelastizität. Number 709 in Fortschrittsberichte, Reihe 5,
Grund- und Werkstoffe/Kunststoffe. VDI-Verlag, Düsseldorf.
[Lee, 1969] Lee, E. (1969). Elastic-plastic deformation at finite strains. Journal of Applied Mechanics, 36:1–6.
[Lee and Liu, 1967] Lee, E. H. and Liu, D. T. (1967). Finite-strain elastic-plastic theory of application to plane
wave analysis. Journal of Applied Physics, 38:19–27.
[Lion, 1997] Lion, A. (1997). On the large deformation behaviour of reinforced rubber at different temperatures.
Journal of the Mechanics and Physics of Solids, 45:1805–1834.
[Lion, 2000a] Lion, A. (2000a). Constitutive modelling in finite thermoviscoplasticity: a physical approach based
on nonlinear rheological models. International Journal of Plasticity, 16:469–494.
[Lion, 2000b] Lion, A. (2000b). Thermomechanik von Elastomeren. Experimente und Materialtheorie. Habilita-
tion, Institute of Mechanics, University of Kassel. Report No. 1/2000.
[Lu and Pister, 1975] Lu, S. and Pister, K. (1975). Decomposition of deformation and representation of the free
energy function for isotropic thermoelastic solids. International Journal of Solids and Structures, 11:927–934.
[Lubliner, 1985] Lubliner, J. (1985). A model of rubber viscoelasticity. Mechanics Research Communications,
12:93–99.
[Miehe, 1988] Miehe, C. (1988). Zur numerischen Behandlung thermomechanischer Prozesse. Report No. F88/6,
University of Hannover, Institut für Baumechanik und Numerische Mechanik.
[Miehe, 1994] Miehe, C. (1994). Aspects of the formulation and finite element implementation of large strain
isotropic elasticity. International Journal for Numerical Methods in Engineering, 37:1981–2004.
[Tsakmakis and Willuweit, 2004] Tsakmakis, C. and Willuweit, A. (2004). A comparative study of kinematic
hardening rules at finite deformations. International Journal of Non-Linear Mechanics, 39:539–554.
[Yu et al., 1997] Yu, J.-S., Maniatty, A. M., and Knorr, D. (1997). Model for predicting thermal stresses in thin
polycrystalline films. Journal of the Mechanics and Physics of Solids, 45(4):511–534.
13 Technical Report
